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Abstract

In this paper, we introduce the notation of ϕ−convex functions on the co-ordinates and present
some properties. Also, new Hadamard type inequalities for such functions are obtained.
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1 Introduction

Let us recall some known definitions and results which we will use in this paper. If f is a convex
function on the interval I = [a, b] and a, b ∈ I with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
(1.1)

which is known as the Hadamard inequality in the literature. (see, e.g., [4], [8, p.137]) If the
function f is concave, reversed signs of inequality hold in (1.1). The inequality (1.1) is one of
the most useful inequalities in mathematical analysis. For new proofs, numerious generalizatons,
variants and extensions on this inequality, see ([3]-[8]) where further references are given.

Let us consider a function ϕ : [a, b] → [a, b] where [a, b] ⊂ R. A function f : [a, b] → R is said
to be ϕ−convex on [a, b] if for every two points x, y ∈ [a, b] and t ∈ [0, 1] the following inequality
holds:

f(tϕ(x) + (1− t)ϕ(y)) ≤ tf(ϕ(x)) + (1− t)f(ϕ(y))

(see [9])
In [2], Cristescu established the following results for the ϕ−convex functions.

Lemma 1. For f : (a, b)→ R, the following statements are equivalent:

(i) f is ϕ−convex functions on [a, b]
(ii) for every x, y ∈ [a, b] , the mapping g : [0, 1]→ R, g(t) = f(tϕ(x) + (1− t)ϕ(y)) is classically

convex on [0, 1] .
Obviously, if function ϕ is the identity, then the classical convexity is obtained from the previous

definition. For many properties of the ϕ−convex functions, see [1],[2],[9], [11]-[13].
In [2], Cristescu proved the following inequalities for ϕ−convex functions:
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Theorem 1. If f : [a, b]→ R is ϕ−convex for the continuous function ϕ : [a, b]→ [a, b] then

f

(
ϕ (a) + ϕ (b)

2

)
≤ 1

ϕ (b)− ϕ (a)

∫ ϕ(b)

ϕ(a)

f(x)dx ≤ f(ϕ (a)) + f(ϕ (b))

2
. (1.2)

Theorem 2. Let f : [a, b]→ R, g : [a, b]→ R be real-valued, nonnegative and ϕ−convex functions
for ϕ : [a, b]→ [a, b] non-decreasing on [a, b] . Then

1

ϕ (b)− ϕ (a)

∫ ϕ(b)

ϕ(a)

f(x)g (x) dx ≤ 1

3
M (a, b) +

1

6
N (a, b) , (1.3)

2f

(
ϕ (a) + ϕ (b)

2

)
g

(
ϕ (a) + ϕ (b)

2

)
(1.4)

≤ 1

ϕ (b)− ϕ (a)

∫ ϕ(b)

ϕ(a)

f(x)dx+
1

6
M (a, b) +

1

3
N (a, b)

where

M (a, b) = f (ϕ (a)) g (ϕ (a)) + f (ϕ (b)) g (ϕ (b))

N (a, b) = f (ϕ (a)) g (ϕ (b)) + f (ϕ (b)) g (ϕ (a)) .

A modification for convex functions which is also known as convex functions on ∆ was introduced
by Dragomir in [4] as following:

Definition 1. Let us now consider a bidimensional interval ∆ =: [a, b] × [c, d] in R2 with a < b
and c < d. A mapping f : ∆→ R is said to be convex on ∆ if the following inequality:

f(αx+ (1− α)z, αy + (1− α)w) ≤ αf(x, y) + (1− α)f(z, w)

holds, for all (x, y), (z, w) ∈ ∆ and α ∈ [0, 1] . If the inequality reversed then f is said to be concave
on ∆. A function f : ∆→ R is said to be convex on the co-ordinates on ∆ if the partial mappings
fy : [a, b]→ R, fy(u) = f(u, y) and fx : [c, d]→ R, fx(v) = f(x, v) are convex where defined for all
x ∈ [a, b], y ∈ [c, d].

A formal definition for co-ordinated convex functions may be stated as follow [see [10]]:

Definition 2. A function f : ∆→ R is said to be convex on the co-ordinates on ∆ if the following
inequality:

f(tx+ (1− t)y, su+ (1− s)w)

≤ tsf(x, u) + t(1− s)f(x,w) + s(1− t)f(y, u) + (1− t)(1− s)f(y, w)

holds for all t, s ∈ [0, 1] and (x, u), (x,w), (y, u), (y, w) ∈ ∆.

The main aim of this paper is to define ϕ−convex functions on the co-ordinates and to give
some properties of this class of functions. Some new inequalities of Hadamard type and inequalities
involving product of two ϕ−convex functions are given.
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2 Main Results

Let us consider two functions ϕ1 : [a, b]→ [a, b] and ϕ2 : [c, d]→ [c, d] where [a, b], [c, d] ⊂ R.

Definition 3. Let ∆ =: [a, b]× [c, d] ⊆ R2 with a < b and c < d. A mapping f : ∆→ R is said to
be ϕ−convex on ∆ for every two points (x, y) , (z, w) ∈ ∆ and λ ∈ [0, 1] the following inequality
holds:

f(λϕ1(x) + (1− λ)ϕ1(z), λϕ2(y) + (1− λ)ϕ2(w)

≤ λf(ϕ1(x), ϕ2(y)) + (1− λ)f(ϕ1(z), ϕ2(w)).

A function f : ∆ → R is ϕ−convex on ∆ will be called ϕ−convex on co-ordinates on ∆, if the
partial mappings fϕ2

: [a, b] → R, fϕ2
(u) = f(u, ϕ2) and fϕ1

: [c, d] → R, fϕ1
(v) = f(ϕ1, v) are

ϕ−convex where defined for all ϕ1 ∈ [a, b] and ϕ2 ∈ [c, d].

Lemma 2. For f : ∆→ R, the following statements are equivalent:

(i) f is ϕ−convex functions on ∆
(ii) for every x, z ∈ [a, b] , y, w ∈ [c, d] the mapping g : [0, 1]× [0, 1]→ R, g(t1, t2) = f(t1ϕ1(x) +

(1− t1)ϕ1(z), t2ϕ2(y) + (1− t2)ϕ2(w)) is convex on [0, 1]× [0, 1] .

Proof. Let us consider two points (x, y), (z, w) ∈ ∆, λ ∈ [0, 1] and (t1, t2) , (t3, t4) ∈ [0, 1] × [0, 1] .
Then

g(λt1 + (1− λ)t2,λt3 + (1− λ)t4)

= f ([λt1 + (1− λ)t2]ϕ1(x) + (1− (λt1 + (1− λ)t2))ϕ1(z),

[λt3 + (1− λ)t4]ϕ2(y) + (1− (λt3 + (1− λ)t4))ϕ2(w))

= f (λ [t1ϕ1(x) + (1− t1)ϕ1(z)] + (1− λ) [t2ϕ1(x) + (1− t2)ϕ1(z)]

+λ [t3ϕ2(y) + (1− t3)ϕ2(w)] + (1− λ) [t4ϕ2(y) + (1− t4)ϕ2(w)])

≤ λf(t1ϕ1(x) + (1− t1)ϕ1(z), t3ϕ2(y) + (1− t3)ϕ2(w))

+(1− λ)f(t2ϕ1(x) + (1− t2)ϕ1(z), t4ϕ2(y) + (1− t4)ϕ2(w))

= λg(t1, t3) + (1− λ)g(t2, t4)

meaning that g is convex on [0, 1]× [0, 1] .
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Conversely, assumimg that g is convex on [0, 1] × [0, 1] , for x, z ∈ [a, b] , y, w ∈ [c, d] and
(ϕ1(x), ϕ2(y)) = (1, 1), (ϕ1(z), ϕ2(w)) = (0, 0) with λ ∈ [0, 1] one gets

f(λϕ1(x) + (1− λ)ϕ1(z), λϕ2(y) + (1− λ)ϕ2(w))

= g(λ1 + (1− λ)0, λ1 + (1− λ)0)

≤ λg(1, 1) + (1− λ)g(0, 0)

= λf(ϕ1(x), ϕ2(y)) + (1− λ)f(ϕ1(z), ϕ2(w))

meaning the ϕ−convexity of f.

The notion of co-ordinated ϕ−convexity can be given as follow:

Definition 4. Let ∆ = [a, b]× [c, d] ⊆ R2 with a < b and c < d. A mapping f : ∆→ R is said to
be ϕ−convex on the co-ordinates on ∆ for all t, s ∈ [0, 1] and (x, u) , (x, v) , (y, u) , (y, v) ∈ ∆ if the
following inequality holds:

f(tϕ1(x) + (1− t)ϕ1(y), sϕ2(u) + (1− s)ϕ2(v))

≤ tsf(ϕ1(x), ϕ2(u)) + t (1− s) f(ϕ1(x), ϕ2(v)) (2.1)

+s (1− t) f(ϕ1(y), ϕ2(u)) + (1− t) (1− s) f(ϕ1(y), ϕ2(v)).

Theorem 3. Suppose that f : ∆ = [a, b]× [c, d] ⊆ R2 → R is ϕ−convex on the co-ordinates on ∆
with f ∈ L [∆] , then one has the inequalities:

f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

≤ 1

(ϕ1 (b)− ϕ1 (a)) (ϕ2 (d)− ϕ2 (c))

ϕ1(b)∫
ϕ1(a)

ϕ2(d)∫
ϕ2(c)

f(x, y)dydx (2.2)

≤ f (ϕ1 (a) , ϕ2 (c)) + f (ϕ1 (a) , ϕ2 (d)) + f (ϕ1 (b) , ϕ2 (c)) + f (ϕ1 (b) , ϕ2 (d))

4
.

Proof. In order to prove of the first part of (2.2), we start with the following calculus, (t, s) ∈
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[0, 1]× [0, 1] using the ϕ−convexity on the co-ordinates on ∆ of the given function

f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

= f

(
tϕ1 (a) + (1− t)ϕ1 (b)

2
+
tϕ1 (b) + (1− t)ϕ1 (a)

2
,

sϕ2 (c) + (1− s)ϕ2 (d)

2
+
sϕ2 (d) + (1− s)ϕ2 (c)

2

)
≤ 1

4
[f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d))

+f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (d) + (1− s)ϕ2 (c))

+f (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (c) + (1− s)ϕ2 (d))

+f (tϕ1 (b) + (1− t1)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))]

Lemma 2 allows us to integrate both sides of this inequality over [0, 1]× [0, 1] which lead to,

f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

≤ 1

4

 1∫
0

1∫
0

f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d)) dsdt

+

1∫
0

1∫
0

f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (d) + (1− s)ϕ2 (c)) dsdt

+

1∫
0

1∫
0

f (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (c) + (1− s)ϕ2 (d)) dsdt

+

1∫
0

1∫
0

f (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))

 dsdt.
By changing of the variables in the above inequality, we obtain

f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

≤ 1

(ϕ1 (b)− ϕ1 (a)) (ϕ2 (d)− ϕ2 (c))

ϕ1(b)∫
ϕ1(a)

ϕ2(d)∫
ϕ2(c)

f(x, y)dydx,
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which is the first inequality of the inequality (2.2).
For the proof of the second inequality of the inequality (2.2), we use the (2.1) with setting x = a,

y = b, u = c and v = d, we have

f(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))

≤ tsf(ϕ1(a), ϕ2(c)) + t (1− s) f(ϕ1(a), ϕ2(d))

+s (1− t) f(ϕ1(b), ϕ2(c)) + (1− t) (1− s) f(ϕ1(b), ϕ2(d)).

Lemma 2 implies the integrability with respect to (t, s) over [0, 1] × [0, 1] of both sides of the
previous inequality,

1∫
0

1∫
0

f(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))dsdt

≤
1∫

0

1∫
0

tsf(ϕ1(a), ϕ2(c))dsdt+

1∫
0

1∫
0

t (1− s) f(ϕ1(a), ϕ2(d))dsdt

+

1∫
0

1∫
0

s (1− t) f(ϕ1(b), ϕ2(c))dsdt+

1∫
0

1∫
0

(1− t) (1− s) f(ϕ1(b), ϕ2(d))dsdt.

By a simple computation and by using the change of the variables, we obtain the required result.

Theorem 4. Let f, g : ∆ = [a, b]×[c, d] ⊆ R2 → [0,∞)2 are ϕ−convex functions on the co-ordinates
on ∆ with fg ∈ L [∆] , then one has the inequality:

1

(ϕ1 (b)− ϕ1 (a)) (ϕ2 (d)− ϕ2 (c))

ϕ1(b)∫
ϕ1(a)

ϕ2(d)∫
ϕ2(c)

f(x, y)g(x, y)dydx

(2.3)

≤ 1

9
L(a, b, c, d) +

1

36
N(a, b, c, d) +

1

18
M(a, b, c, d)

where

L(a, b, c, d)

= f(ϕ1 (a) , ϕ2 (c))g(ϕ1 (a) , ϕ2 (c)) + f(ϕ1 (b) , ϕ2 (c))g(ϕ1 (b) , ϕ2 (c))

+f(ϕ1 (a) , ϕ2 (d))g(ϕ1 (a) , ϕ2 (d)) + f(ϕ1 (b) , ϕ2 (d))g(ϕ1 (b) , ϕ2 (d))
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M(a, b, c, d)

= f(ϕ1 (a) , ϕ2 (c))g(ϕ1 (a) , ϕ2 (d)) + f(ϕ1 (a) , ϕ2 (d))g(ϕ1 (a) , ϕ2 (c))

+f(ϕ1 (b) , ϕ2 (c))g(ϕ1 (b) , ϕ2 (d)) + f(ϕ1 (b) , ϕ2 (d))g(ϕ1 (b) , ϕ2 (c))

+f(ϕ1 (b) , ϕ2 (c))g(ϕ1 (a) , ϕ2 (c)) + f(ϕ1 (b) , ϕ2 (d))g(ϕ1 (a) , ϕ2 (d))

+f(ϕ1 (a) , ϕ2 (c))g(ϕ1 (b) , ϕ2 (c)) + f(ϕ1 (a) , ϕ2 (d))g(ϕ1 (b) , ϕ2 (d))

and

N(a, b, c, d)

= f(ϕ1 (b) , ϕ2 (c))g(ϕ1 (a) , ϕ2 (d)) + f(ϕ1 (b) , ϕ2 (d))g(ϕ1 (a) , ϕ2 (c))

+f(ϕ1 (a) , ϕ2 (c))g(ϕ1 (b) , ϕ2 (d)) + f(ϕ1 (a) , ϕ2 (d))g(ϕ1 (b) , ϕ2 (c)).

Proof. Since f, g are ϕ−convex on the co-ordinates on ∆, we have

f(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))

≤ tsf(ϕ1(a), ϕ2(c)) + t (1− s) f(ϕ1(a), ϕ2(d))

+s (1− t) f(ϕ1(b), ϕ2(c)) + (1− t) (1− s) f(ϕ1(b), ϕ2(d))

and

g(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))

≤ tsg(ϕ1(a), ϕ2(c)) + t (1− s) g(ϕ1(a), ϕ2(d))

+s (1− t) g(ϕ1(b), ϕ2(c)) + (1− t) (1− s) g(ϕ1(b), ϕ2(d))

for all (t, s) ∈ [0, 1] × [0, 1] . Since f and g are non-negative, if we multiply the above inequalities
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side by side, we get

f(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))

×g(tϕ1(a) + (1− t)ϕ1(b), sϕ2(c) + (1− s)ϕ2(d))

≤ [tsf(ϕ1(a), ϕ2(c)) + t (1− s) f(ϕ1(a), ϕ2(d))

+s (1− t) f(ϕ1(b), ϕ2(c)) + (1− t) (1− s) f(ϕ1(b), ϕ2(d))]

× [tsg(ϕ1(a), ϕ2(c)) + t (1− s) g(ϕ1(a), ϕ2(d))

+s (1− t) g(ϕ1(b), ϕ2(c)) + (1− t) (1− s) g(ϕ1(b), ϕ2(d))] .

Then, if we integrate the both side of the above inequality with respect to (t, s) over [0, 1]× [0, 1] ,
we have the inequality in (2.3).

Theorem 5. Let f, g : ∆ = [a, b]× [c, d] ⊂ R2 → R be ϕ−convex functions on ∆ with a < b, c < d
and fg ∈ L[∆]. Then one has the inequality:

2f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)
g

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

≤ 1

(ϕ1 (b)− ϕ1 (a)) (ϕ2 (d)− ϕ2 (c))

ϕ1(b)∫
ϕ1(a)

ϕ2(d)∫
ϕ2(c)

f(x, y)g(x, y)dydx

+
1

36
L(a, b, c, d) +

1

9
N(a, b, c, d) +

1

18
M(a, b, c, d)

where L(a, b, c, d), M(a, b, c, d), N(a, b, c, d) by defined as in Theorem 4.
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Proof. Since f and g are ϕ−convex on ∆, then we observe that

f

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)
g

(
ϕ1 (a) + ϕ1 (b)

2
,
ϕ2 (c) + ϕ2 (d)

2

)

= f

(
tϕ1 (a) + (1− t)ϕ1 (b)

2
+
tϕ1 (b) + (1− t)ϕ1 (a)

2
,

sϕ2 (c) + (1− s)ϕ2 (d)

2
+
sϕ2 (d) + (1− s)ϕ2 (c)

2

)
×g
(
tϕ1 (a) + (1− t)ϕ1 (b)

2
+
tϕ1 (b) + (1− t)ϕ1 (a)

2
,

sϕ2 (c) + (1− s)ϕ2 (d)

2
+
sϕ2 (d) + (1− s)ϕ2 (c)

2

)
≤ 1

4
[f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d))

+f (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))]

× [g (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d))

+g (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))]

≤ 1

4
[f (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d))

×g (tϕ1 (a) + (1− t)ϕ1 (b) , sϕ2 (c) + (1− s)ϕ2 (d))]

+
1

4
[f (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))

× g (tϕ1 (b) + (1− t)ϕ1 (a) , sϕ2 (d) + (1− s)ϕ2 (c))]

+
1

4
[tsf (ϕ1 (a) , ϕ2 (c)) + t(1− s)f (ϕ1 (a) , ϕ2 (d))

+s(1− t)f (ϕ1 (b) , ϕ2 (c)) + (1− t)(1− s)f (ϕ1 (b) , ϕ2 (d))]

× [tsg (ϕ1 (b) , ϕ2 (d)) + t(1− s)g (ϕ1 (b) , ϕ2 (c))

+s(1− t)g (ϕ1 (a) , ϕ2 (d)) + (1− t)(1− s)g (ϕ1 (a) , ϕ2 (c))]

+
1

4
[tsf (ϕ1 (b) , ϕ2 (d)) + t(1− s)f (ϕ1 (b) , ϕ2 (c))

+s(1− t)f (ϕ1 (a) , ϕ2 (d)) + (1− t)(1− s)f (ϕ1 (a) , ϕ2 (c))]

× [tsg (ϕ1 (a) , ϕ2 (c)) + t(1− s)g (ϕ1 (a) , ϕ2 (d))

+s(1− t)g (ϕ1 (b) , ϕ2 (c)) + (1− t)(1− s)g (ϕ1 (b) , ϕ2 (d))] .

By integrating both sides with respect to t, s on [0, 1]× [0, 1] , we get desired result.
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